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Abstract
Given a monotone graphical property Q, how large should d(n) be to ensure that if (Hn)
is any sequence of graphs satisfying |Hn| = n and (Hn)¿d(n), then almost every induced
subgraph of Hn has property Q? We prove essentially best possible results for the following
monotone properties: (i) k-connected for :xed k, (ii) Hamiltonian. c© 2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction
Given 0¡p¡ 1 and a graph H , let us write Gp(H) for a random graph obtained
by selecting vertices of H independently, with probability p, and taking the subgraph
of H induced by the selected vertex set. As usual, we put particular emphasis on the
value p= 12 , for which G1=2(H)=H [U ] where U is a uniformly chosen random subset
of V (H). This model of random induced subgraphs, obtained by randomly choosing
vertices, is usually investigated for regular, :xed ground graphs H , for example the
hypercube (see [4–7]). Our aim here is to initiate the study of Gp(H) for variable
graphs belonging to a speci:ed family, so we are interested primarily in the family of
graphs rather than the associated random graphs.
2. Results
2.1. k-Connected subgraphs
Let k¿ 1 be :xed. How large should d(n) be to ensure that if (Hn) is any sequence
of graphs with |Hn| = n and (Hn)¿d(n) for suEciently large n, then almost every
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G1=2(Hn) is k-connected? Here, as usual, almost every means that the assertion holds
with probability tending to 1 as n → ∞. In all calculations to follow, we assume
that n is appropriately large. Also, it will be understood that in the sequences (Hn)
considered, Hn is a graph of order n. The probability of an event E will be denoted
by P(E). As usual, !(n) will denote a function that tends to in:nity with n.
Theorem 1. Let k be 
xed. Then almost every G1=2(Hn) is k-connected if and only
if (Hn)− n=2 tends to in
nity with n. Speci
cally; we have the following facts.
(i) Let s¿ 0 be 
xed. For each n¿ 2s + 5 there is a graph Hn with |Hn| = n
and (Hn)¿ n=2 + s such that G1=2(Hn) is disconnected with probability at least
2−(2s+5).
(ii) Let k¿ 1 be 
xed; and suppose (Hn)¿ n=2+!(n). Then almost every G1=2(Hn)
is k-connected.
Proof. (i) Set a=2s+3; b= (n−a)=2; c= (n−a)=2, and let Hn=Ka+(Kb∪Kc).
Then (Hn)= (n−a)=2−1+a¿ n=2+(a−3)=2=n=2+ s, and for each U ⊂ V (Hn)
the graph Hn[U ] is disconnected if and only if U contains no vertices from A, at least
one vertex from B, and at least one vertex from C. Thus
P(G1=2(Hn) is disconnected) = 2−a(1− 2−b)(1− 2−c)¿ 2−(a+2) = 2−(2s+5):
(ii) For convenience, let us say that a path of length three or less is a short path.
Suppose :rst that any two distinct nonadjacent vertices of Hn are joined by at least
9 log n independent short paths. Given a :xed pair of nonadjacent vertices {x1; x2}
that are joined by m independent short paths, let E denote the following event: Hn[U ]
contains x1 and x2 but no more than k− 1 of the m given paths. Then m¿ 9 log n and
P(E)6 1
4
k−1∑
‘=0
(
m
‘
)
(1=4)‘(3=4)m−‘ ¡mk(3=4)m¡ e−m=4 = o(n−2): (1)
From this it follows that for almost every subset U ⊂ V (Hn) the induced subgraph
Hn[U ] has the property that any two vertices are joined by at least k independent short
paths. Indeed, by (1) the probability that some two vertices are joined by at most k−1
independent short paths is less than ( n2 )e
−m=4 = o(1).
We are left to consider the case in which Hn contains distinct nonadjacent vertices x1
and x2 that are joined by fewer than 9 log n independent short paths. To be more precise,
apply this assumption to a system of independent short paths selected as follows. First,
include all paths x1zx2 where z ∈Z =(x1)∩(x2). Then select a maximum matching
of (x1)\Z into (x2)\Z , and add to the system the resulting paths of length three. Let
m¡ 9 log n denote the number of paths in the system obtained this way. Then there
is a subset S1 ⊂ (x1) consisting of deg(x1) − m vertices that are not used in any of
the paths. Similarly, there is a subset S2 ⊂ (x2) consisting of deg(x2) − m vertices
that are not used in any path. By maximality of the path system, no vertex in S1 is
adjacent to any vertex in S2. Let v∈ S1. Since the n−1−deg(v) vertices to which v is
not adjacent in Hn include all vertices in S2, it follows that v is nonadjacent to at most
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n− deg(v)− |S2|6 n− (n=2 +!(n))− (n=2 +!(n)−m) =m− 2!(n)¡ 9 log n other
vertices of S1. In the same way, every vertex in S2 is nonadjacent to fewer than 9 log n
other vertices of S2. Note that |S1 ∪ S2|¿ 2(n=2 + !(n))− 2m¿n− 18 log n, so each
vertex v∈V (Hn)−(S1∪S2) is adjacent to more than (deg(v)−18 log n)=2¿n=4−9 log n
vertices in at least one of the two sets S1; S2. Form a partition (V1; V2) of V (Hn) as
follows. First, S1 ⊆ V1 and S2 ⊆ V2. Then for each v∈V (Hn)\(S1 ∪ S2), add v to V1
if |(v) ∩ V1|¿ |(v) ∩ V2|; otherwise add it to V2. Then
n=2− 9 log n¡ |Si|6 |Vi|¡ |Si|+ 18 log n; i = 1; 2:
As noted earlier, each vertex of S1 is adjacent to at least |S1|−9 log n other vertices of
S1, so to at least |V1|−27 log n other vertices of V1. The remaining vertices of V1 (less
than 18 log n in number) are each adjacent to at least n=4−9 log n other vertices of V1.
It follows that in Hn[V1] any two nonadjacent vertices are joined by at least n=4−o(n)
independent short paths. (In a graph of order r and minimum degree k in which at
most s vertices have degree less than r − s, any two nonadjacent vertices are joined
by at least k − s independent short paths.) In particular, Hn[U ∩ V1] is k-connected
for almost every random subset U of V (Hn). The same can be said for Hn[U ∩ V2].
We may assume that |V1|6 |V2|. Then |V1|6 n=2 and each vertex of V1 is adjacent
to at least (Hn) − n=2 vertices of V2, so there is an ‘-matching u1w1; u2w2; : : : ; u‘w‘
from V1 into V2 with ‘(n)¿!(n). Since !(n) → ∞ it follows that almost every
random subset U of V (Hn) contains at least k of the pairs {u1; w1}; : : : ; {u‘; w‘}. This
fact together with the observations concerning Hn[U ∩ V1] and Hn[U ∩ V2] shows that
G1=2(Hn) = Hn[U ] is k-connected for almost every U .
2.2. Hamiltonian subgraphs
Our next aim is to show that if (Hn) is at least n=2+ (2n log n)1=2 then not only is
almost every G1=2(Hn) k-connected, but it is also Hamiltonian.
Theorem 2. Suppose |Hn|=n and (Hn)¿ n=2+(2n log n)1=2 for all su:ciently large n.
Then almost every G1=2(Hn) is Hamiltonian.
Proof. In fact, we shall show considerably more, namely that almost every G1=2(Hn)
satis:es Dirac’s condition [3,1, p. 135]. Fix v∈V (Hn) arbitrarily and write deg(v)=d=
n=2 + r. Let U be a uniformly chosen random subset of V (Hn). Let X be the number
of vertices of U that are adjacent to v and let Y = |U | − 1− X . The random variables
X and Y are Bernoulli with distributions B(d; 12 ) and B(n − 1 − d; 12 ), respectively.
If v∈U (so v is a vertex of G = Hn[U ]) the condition that the degree of v in G is
at least |G|=2 is X ¿ (X + Y + 1)=2 or simply X ¿Y . We shall use the simple fact
that if X 6Y then either X 6 n=4 or Y ¿ n=4 together with the well-known bound of
ChernoN (see [2, pp. 13–14]): if X is a Bernoulli random variable with distribution
B(m; 12 ) then
P(X − m=26− a) = P(X − m=2¿ a)6 e−2a2=m; a¿ 0:
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Hence the probability of the event E = {v∈U and degG(v)¡ |G|=2; G = Hn[U ]} can
be bounded as follows:
P(E)6P(u∈U ){P(X 6 n=4) + P(Y ¿ n=4)}
6
1
2
{
exp
(−r2
2d
)
+ exp
( −r2
2(n− 1− d)
)}
; d= n=2 + r:
Since r¿ (2n log n)1=2, we have P(E) = o(1=n). Hence G1=2(Hn) satis:es Dirac’s con-
dition almost surely.
2.3. Random induced subgraphs of random graphs
If the edges of the underlying graph Hn are selected at random then, not surprisingly,
many fewer edges will make it likely that almost all G1=2(Hn) are k-connected or
Hamiltonian. The thresholds are remarkably sharp.
Theorem 3. Let G(n; p) denote a random graph in the usual model in which V (G)=
[n] and P(uv∈E(G)) = p independently for each pair {u; v}. Let k¿ 1 be 
xed.
(i) If p=2(log n+(k − 1) log log n+!(n))=n then for almost every G(n; p); almost
every G1=2(G(n; p)) is k-connected.
(ii) If p=2(log n+(k − 1) log log n−!(n))=n then for almost every G(n; p); almost
every G1=2(G(n; p)) fails to be k-connected.
(iii) If p= 2(log n+ log log n+!(n))=n then for almost every G(n; p); almost every
G1=2(G(n; p)) is Hamiltonian.
Proof. (i) and (ii). Recall that almost every random subset U of [n] satis:es
n=2− n1=2 log n6 |U |6 n=2 + n1=2 log n:
If |U |= m satis:es this inequality then
p=
2(log n+ (k − 1) log log n± !(n))
n
=
logm+ (k − 1) log logm± !(m) + O(1)
m
:
Hence, by some well-known results about random graphs [2, Theorem 5, p. 61 and
pp. 152–155], for :xed U with |U | in our range, almost every Gp is such that Gp[U ]
has the required property. This means that picking both Gp and U at random, Gp[U ]
has the required properties for almost every pair. But then almost every Gp is such
that Gp[U ] has the required property for almost every U .
(iii). This follows as in (i) using [2, Theorem 9, p. 189].
As a next step, it would be of interest to determine continuous probability distribu-
tions between the lower and upper thresholds.
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2.4. Connectivity of Gp(H2n) where H2n is regular of degree n+ 1
If the underlying graph H2n is (n + 1)-regular and has 2n vertices, then it is easy
to give a reasonable lower bound for the connectivity of Gp(H2n). We begin with the
following elementary result.
Lemma 4. Let H2n be an (n+1)-regular graph of order 2n¿ 32. Then *(H2n)¿ 2
√
n.
Proof. Suppose C ⊆ V (H2n) is a separating set. Then there is a partition (A; B; C) of
V (H2n) such that A; B =? and there is no edge joining a vertex in A with one in B.
Let a= |A|; b= |B|; c= |C|; by symmetry we may assume a6 b. Then a+b+ c=2n,
and by the regularity condition applied to vertices in A and B, we have a+ c¿ n+ 2
and b + c¿ n + 2, respectively. Note that c¿ 4 since otherwise a6 n − c=2 and
a+c¿ n+2 is impossible. Let q denote the number of edges joining vertices in A∪B
to those in C. Then
a(n+ 2− a) + b(n+ 2− b)6 q6 c(n+ 1):
For :xed c we have a+ b= 2n− c (:xed) and the left-hand side is minimized when
ab is minimized, namely when a= n+ 2− c and b= n− 2. Hence
(n+ 2− c)c + (n− 2)46 c(n+ 1)
which simpli:es to c2 − c¿ 4n− 8. For n¿ 16 this gives c¿ 2√n.
Not only is an n+1-regular graph of order 2n highly connected, it is highly connected
by short paths.
Lemma 5. Let H2n be an (n + 1)-regular graph of order 2n¿ 32. Then any two
nonadjacent vertices of H2n are joined by at least
√
n independent paths of length
two or three.
Proof. We proceed as in the proof of Theorem 1. Suppose that x1 and x2 are non-
adjacent vertices of H2n that are joined by a maximum number of s + t = ‘¡
√
n
independent short paths, speci:cally s paths are of length two and t paths of length
three. Then s= |S| where S=(x1)∩(x2) and t is the maximum number of indepen-
dent edges joining (x1)\S to (x2)\S. Let R denote the set of vertices that remain
after deleting x1; x2 and their neighborhoods. Then |R|=2n−2− (2(n+1)− s)= s−4,
and since every path of length four or more joining x1 and x2 uses at least one vertex
in R, there is a set of s + t + (s − 4)6 2‘ − 4¡ 2√n − 4 vertices that separates x1
from x2, contradicting the fact that *(H2n)¿ 2
√
n.
Theorem 6. Let (H2n) be a sequence of graphs; with H2n being (n + 1)-regular and
of order 2n. Let 0¡p = p(n)¡ 1 be such that p2
√
n − 2 log n → ∞ as n → ∞.
Then almost every Gp(H2n) has diameter at most three; in particular; almost every
Gp(H2n) is connected.
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Proof. Let x1 and x2 be nonadjacent vertices of H2n. By Lemma 2, H2n has at least√
n independent paths joining x1 and x2, each of length at most three. The probability
that some Gp(H2n) contains x1 and x2 but fails to contain at least one of these paths
is at most p2(1 − p2)√n ¡ e−p2√n = o(n−2), and hence P(diam(Gp(H2n))6 3) → 1
as n→∞.
It is likely that this assertion holds if p is slightly more than (log n)=n.
Note 1. This paper deals with results obtained in the spring of 1996, during the last
visit by Paul Erdo˝s to Memphis. We apologize for the delay in its submission.
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